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In this note, we construct all thematroids that have a pair of elements belonging to just one
of its circuits. We use this result to establish that, with two small exceptions, wheels and
whirls are the only 3-connected matroids having a pair of elements contained in exactly
two of its circuits.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Any unexplained matroid terminology used here will follow Oxley [2]. For a matroid M and a subset A of E(M), we set
CA(M) = {C ∈ C(M) : A ⊆ C}. When |A| = 1, Lehman [1] showed that the set CA(M) determines M provided M is
connected. In particular, the cardinality of the set CA(M) is very large. For |A| ≥ 2, the cardinality of CA(M) has a completely
different behavior: it can be very small. For |A| = 2, |CA(M)| ≥ 1 if and only if A is contained in the ground set of a connected
component of M . In Theorem 1.2, which is proved in Section 2, we characterize when this lower bound is attained. For
|A| = 3, Seymour [5] characterized the binary matroidsM with |CA(M)| ≥ 1. But in general, the problem of deciding when
CA(M) ≠ ∅ is still open and difficult, even when |A| = 3.
For a 3-connected matroid M having at least four elements and for a 2-subset A of E(M), |CA(M)| ≥ 2 because, when
C ∈ CA(M) and e ∈ C − A,M \ e is a connected matroid and must have a circuit D such that A ⊆ D (clearly C ≠ D and
{C,D} ⊆ CA(M)). In the next result, we describe all 3-connectedmatroids that attain this bound.With two small exceptions,
the next theorem gives an attractive characterization of the wheel- and whirl-matroids.
Theorem 1.1. For a 3-connected matroid M, let A be a 2-subset of E(M). The following statements are equivalent.
(i) |CA(M)| = 2.
(ii) M is isomorphic to F∗7 ; or M is isomorphic to M(K4) and A is a matching of K4; or M is isomorphic to a wheel or whirl having
A as a subset of spokes.
The next result is fundamental in the proof of Theorem 1.1. In it, we characterize connected matroids having a pair of
elements belonging to just one of its circuits.
Theorem 1.2. Let M be a connected matroid. For a 2-subset A of E(M), the following statements are equivalent.
(i) |CA(M)| = 1.
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(ii) There is:
(a) a matroid W such that W is a wheel having A as a subset of spokes and A∪ a as a triangle, for some element a belonging
to its rim, or W is a circuit with cardinality 2 or 3 containing A;
(b) pairwise disjoint sets R, S, T such that R ⊆ A, (S ∪ T ) ∩ A = ∅ and, when W is a wheel, a ∈ S and S − a and T are sets
of spokes of W and, when W is a circuit, S = T = ∅; and
(c) connected matroids Nh, for each h ∈ R ∪ T , such that E(W ) ∩ E(Nh) = {h}, for every h ∈ R ∪ T , E(Nh) ∩ E(Nh′) = ∅,
for every 2-subset {h, h′} of R ∪ T , |E(Nh)| ≥ 3, when h ∈ T , and |E(Nh)| ≥ 2, when h ∈ R;
so that M is obtained from W after taking the parallel connection with every matroid Nh, for h ∈ R, making the 2-sum with
every matroid Nh, for h ∈ T , and deleting S.
2. A unique circuit containing a pair of elements
Proof of Theorem 1.2. First, we show that (i) implies (ii). Let C be the unique circuit of M containing A = {e1, e2}. When
C = A, the result follows provided we take W = M|A, R = {e1} and Ne1 = M \ e2. Assume that C ≠ A. If e ∈ C − A, then
e1 and e2 belong to different connected components of M \ e, since C is the unique circuit of M containing A. Let {X1, X2}
be a 1-separation for M \ e such that, for i ∈ {1, 2}, ei ∈ Xi. When |X1| = |X2| = 1, the result follows provided we take
W = M and R = ∅ because E(M) = C = A ∪ e. Assume that max{|X1|, |X2|} ≥ 2, say |X1| ≥ 2. Therefore {X1, X2 ∪ e} is
a 2-separation forM . There are matroidsM1 andM2 such that E(M1) = X1 ∪ f , E(M2) = X2 ∪ {e, f } andM is the 2-sum of
M1 andM2, for an element f ∉ E(M). Note that, for i ∈ {1, 2}, Ci = [C ∩ E(Mi)] ∪ f is a circuit ofMi containing Ai = {ei, f }.
Now, we establish that, for i ∈ {1, 2},
CAi(Mi) = {Ci}. (2.1)
If Di is a circuit ofMi such that Ai ⊆ Di, then Di △ C3−i is a circuit ofM containing A. Hence Di △ C3−i = C = Ci △ C3−i and
so Di = Ci. Thus (2.1) follows.
By (2.1) and induction, we may assume this result hold forM1 andM2. For i ∈ {1, 2}, there is:
(a) amatroidWi such thatWi is awheel having Ai as a subset of spokes and Ai∪ai as a triangle, for some element ai belonging
to its rim, orWi is a circuit with cardinality 2 or 3 containing Ai;
(b) pairwise disjoint sets Ri, Si, Ti such that Ri ⊆ Ai, (Si ∪ Ti) ∩ Ai = ∅ and, whenWi is a wheel, ai ∈ Si and Si − ai and Ti are
sets of spokes ofWi and, whenWi is a circuit, Si = Ti = ∅; and
(c) connected matroids Nih, for each h ∈ Ri ∪ Ti, such that E(Wi) ∩ E(Nih) = {h}, for every h ∈ Ri ∪ Ti, E(Nih) ∩ E(Nih′) = ∅,
for every 2-subset {h, h′} of Ri ∪ Ti, |E(Nih)| ≥ 3, when h ∈ Ti, and |E(Nih)| ≥ 2, when h ∈ Ri;
so thatMi is obtained fromWi after taking the parallel connection with everymatroid Nih, for h ∈ Ri, making the 2-sumwith
every matroid Nih, for h ∈ Ti, and deleting Si. We may chooseW1 andW2 such that E(W1) ∩ E(W2) = { f }. Note that f ∉ R2
because e and f are in series inM2.
First, suppose that E(W1) = A1. In this case, we may assume that R1 = {e1} and N1e1 = M1 \ f . Let W be the matroid
obtained from W2 by relabeling f by e1. The result follows provided we take R = R1 ∪ R2, S = S2, T = T2 and Nh = N1h,
when h ∈ R1, and Nh = N2h, when h ∈ R2 ∪ T2. Now, suppose that E(W1) ≠ A1.
Observe that P(W1 \ a1,W2 \ a2) = W \ a, whereW is a wheel having A ∪ a as a triangle, for some element a belonging
to its rim, and the set of spokes ofW is the union of the sets of spokes ofW1 andW2. We set:
R = (R1 − { f }) ∪ R2,
S = S1 ∪ S2 ∪ ({ f } − R1), and
T = T1 ∪ T2 ∪ ({ f } ∩ R1).
To conclude (ii), take Nh = Nih, when h ∈ [(R ∪ T )− { f }] ∩ E(Wi), and Nh = N1h, when h ∈ T ∩ { f }.
Now, we show that (ii) implies (i). Observe that W \ S contains just one circuit C containing A. Moreover, when W is a
wheel, C − A is contained in its rim. Thus the 2-sum ofW \ S with Nh, for every h ∈ T , has just one circuit that contains A
because T is a set of spokes of W disjoint of S. We keep this property when we make the parallel connection with Nh, for
every h ∈ R ⊆ A. The result follows. 
3. The proof of Theorem 1.1
In this section, we prove Theorem 1.1. Using this result, when A is a 2-subset of the ground set of a matroid M , it is not
difficult to show that, for k ≥ 4, |CA(M)| ≥ k provided: (a) |E(M)| ≥ 2k− 2 andM is k-connected; or (b) r(M) ≥ k+ 1 and
M is vertically k-connected. We will not prove these bounds here since we think they are not the best possible.
Proof of Theorem 1.1. Clearly (ii) implies (i). We need to prove that (i) implies (ii). Let C1 and C2 be circuits ofM such that
CA(M) = {C1, C2}. First, we establish that
C1 ∩ C2 = A. (3.1)
If e ∈ (C1 ∩ C2)− A, thenM \ e has no circuit containing A; a contradiction sinceM \ e is connected. Thus (3.1) holds.
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For a ∈ A, let T ∗a be the set of triads ofM that contains a. Now, when a ∈ A, consider the claim:
A ⊈ T ∗, when T ∗ ∈ T ∗a . (3.2)
First, we establish the result provided (3.2) fails. If A ⊆ T ∗ and e ∈ T ∗ − A, then A is contained in a series class S of the
connected matroid M \ e. As S is contained in at most two circuits of M \ e, it follows that r∗(M \ e) ≤ 2. We have two
cases to consider: (a) M \ e is a circuit; or (b) M \ e is a subdivision of U1,3. If (a) occurs, then M ∼= U|E(M)|−2,|E(M)| and so
|CA(M)| = |E(M)| − 2. Thus |E(M)| = 4 andM ∼= U2,4. The result follows. Suppose that (b) holds. In particular, e ∉ C1 ∪ C2.
IfM is non-binary, then, by a result of Reid [4],M has a minor isomorphic to U2,4 that contains T ∗. So there is a circuit C of
M such that T ∗ ⊆ C; a contradiction because C ∉ {C1, C2}. HenceM is binary and soM ∼= M(K4) orM ∼= F∗7 . The result also
holds. Therefore we may assume (3.2).
Now, for a ∈ A, we show that
T ∗a ≠ ∅. (3.3)
For i ∈ {1, 2}, let ei ∈ Ci − A. The elements of A belong to different connected components of M \ {e1, e2}. Choose {e1, e2}
such that |E(H)| is minimum, where H is the connected component of M \ {e1, e2} that contains a. If |E(H)| = 1, then
E(H) = {a} and so {a, e1, e2} is a triad ofM . Therefore (3.3) holds. Suppose that |E(H)| ≥ 2. By Theorem 1.2 applied toM \ ei
and the choice of e3−i, E(H) ∩ C3−i = {a}, for each i ∈ {1, 2}. Hence E(H) ∩ (C1 ∪ C2) = {a}. There is a circuit C of M such
that e1 ∈ C ⊆ (C1 ∪ C2) − a ⊆ E(M) − E(H). Therefore e1 is spanned by E(M) − [E(H) ∪ e1]; a contradiction because
{E(H), E(M)− [E(H) ∪ e1]} is a 2-separation forM \ e1. Thus (3.3) holds.
Choose T ∗ ∈ T ∗a , for a fixed a ∈ A. By orthogonality, (3.1) and (3.2), for i ∈ {1, 2}, there is fi ∈ Ci − A such that
T ∗ = {a, f1, f2}. Similarly, if A = {a, a′}, then there is a triad T ′∗ of M such that T ′∗ = {a′, f ′1, f ′2}, where f ′i ∈ Ci − A, for
i ∈ {1, 2}. In the next lemma, we use the concept of fan as defined in [2] instead of the one introduced in [3].
Lemma 3.1. One of the following statements holds:
(i) f1 ≠ f ′1, C1 = {a, f1, f ′1, a′} and there is a non-trivial series class Y of M \ f2 such that Y ∩C1 = ∅, Y ∪{a, f1} and Y ∪{a′, f ′1}
are circuits of M and |Y − C2| ≤ 1. Moreover, when h ∈ Y − C2, { f1, f ′1, h} is a triad of M.
(ii) There is a fan (b0, a1, b1, a2, b2, . . . , an, bn) of M, for some integer n exceeding 1, such that b0 = f2, a1 = a, b1 = f1, bn−1 =
f ′1, an = a′, bn = f ′2 and C1 = {a1, b1, b2, . . . , bn−1, an}.
Proof. By Theorem 1.2 applied toM \ f2, there is:
(a) a matroidW such thatW is a wheel having A as a subset of spokes and A∪ b as a triangle, for some element b belonging
to its rim, orW is a circuit with cardinality 3 containing A;
(b) pairwise disjoint sets R, S, T such that R ⊆ A, (S ∪ T ) ∩ A = ∅ and, whenW is a wheel, b ∈ S and S − b and T are sets
of spokes ofW and, whenW is a circuit, S = T = ∅; and
(c) matroids Nh, for each h ∈ R ∪ T such that E(W ) ∩ E(Nh) = {h}, for every h ∈ R ∪ T , and E(Nh) ∩ E(Nh′) = ∅, for every
2-subset {h, h′} of R ∪ T ;
so that M \ f2 is obtained fromW after taking the parallel connection with every matroid Nh, for h ∈ R, making the 2-sum
with every matroid Nh, for h ∈ T , and deleting S. Now, we establish that:
S − b = ∅ and a ∉ R. (3.4)
Observe that a ∉ R because a is in series with f1 inM \ f2. So (3.4) followswhenW is a triangle. Assume thatW is a wheel.
If s ∈ S− b, then there are consecutive elements r1 and r2 belonging to the rim ofW such that {s, r1, r2} is a triad ofW . Thus
{r1, r2} is a cocircuit ofM \ f2. AsM is 3-connected, it follows that {r1, r2, f2} is a triad ofM; a contradiction to orthogonality
and (3.1) because {r1, r2} ⊆ C1 − A and f2 ∈ C2 − A. Hence S − b = ∅. Therefore (3.4) follows. We have two cases to deal
with: T = ∅ or T ≠ ∅.
Assume that T = ∅. By (3.4), M \ f2 = W \ b, when C2 is a triangle, or M \ f2 = P(W \ b,Na′). Take
(a1, b1, a2, b2, . . . , an−1, bn−1, an) equal to the maximum fan ofW \ b such that a1 = a and an = a′, whenW is a wheel, or
n = 2 and (a1, b1, a2) = (a, e, a′), where C1 = E(W ) = {a, e, a′}, otherwise. We have (ii) by adding b0 = f2 and bn = f ′2 in
each side of this fan.
Assume that T ≠ ∅. Choose t ∈ T . Let r1 and r2 be consecutive elements belonging to the rim ofW such that {t, r1, r2} is
a triad ofW . Therefore {E(Nt)− t, E(M)− [E(Nt) ∪ { f2, r1, r2}]} is a 1-separation forM \ { f2, r1, r2}. Let H be a connected
component ofM \ { f2, r1, r2} such that E(H) ⊆ E(Nt). First, we show that
|E(H)| = 1 or E(H) ∩ C2 ≠ ∅. (3.5)
If |E(H)| ≥ 2 and E(H) ∩ C2 = ∅, then {E(H), E(M) − [E(H) ∪ { f2, r1, r2}]} is a 1-separation for M \ { f2, r1, r2} such that,
by (3.1), C2 − f2 ⊆ E(M)− [E(H) ∪ { f2, r1, r2}]. Thus {E(H), E(M)− [E(H) ∪ {r1, r2}]} is a 1-separation forM \ {r1, r2} and
so {E(H), E(M)− [E(H) ∪ r1]} is a 2-separation forM \ r1 such that C1 − r1 ⊆ E(M)− [E(H) ∪ r1]; a contradiction. Hence
(3.5) follows. Now, we refine (3.5) by establishing that |E(H)| = 1. Assume |E(H)| ≥ 2. As {E(H), E(M)− [E(H) ∪ {r1, r2}]}
is a 2-separation for M \ {r1, r2} and C2 meets both of its sets, it follows that C2 − E(H) is contained in a series class of the
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connected matroid M|[E(H) ∪ C2]. But A ⊆ C2 − E(H) and so E(H) ∪ C2 contains at least two circuits containing A. But
these circuits are different from C1; a contradiction. Thus |E(H)| = 1, for every connected component of Nt \ t . That is,
Y = E(Nt)− t is a set of coloops ofM \ { f2, r1, r2} and a non-trivial series class ofM \ f2. Note that Y ∩ C1 = ∅.
For h ∈ Y , let C∗h be a cocircuit ofM such that h ∈ C∗h ⊆ {h, f2, r1.r2}. By orthogonality with C1, there is at most one h ∈ Y
such that C∗h = {r1, r2, h}. By orthogonality with C2, f2 ∈ C∗h if and only if h ∈ C2. Thus |Y − C2| ≤ 1. Let t ′ be a spoke ofW
such that {t, t ′, r1} is a triangle ofW . Take X = {t ′}, when t ′ ∉ T , and X = E(Nt ′)− t ′, when t ′ ∈ T . Note that C3 = X ∪Y ∪ r1
is a circuit ofM meeting C2 and soM|(C2∪C3) is a connectedmatroid. But C3−C2 is a series class ofM|(C2∪C3). In particular,
M|(C2 ∪ C3) has corank equal to 2. Hence C2 − C3 is also a series class ofM|(C2 ∪ C3). ThereforeM|(C2 ∪ C3) has at least two
circuits containing C2 − C3. These circuits are different from C1. In particular, A ⊈ C2 − C3. Hence t ′ ∈ A. Similarly, t ′′ ∈ A,
where t ′′ is the spoke ofW such that {t, t ′′, r2} is a triangle ofW . We have (i) because {r1, r2} = { f1, f ′1}. 
Interchanging the roles of C1 and C2 into Lemma 3.1, we obtain the next result. We state it because we use the notation
set in these two lemmas.
Lemma 3.2. One of the following statements holds:
(i) f2 ≠ f ′2, C2 = {a, f2, f ′2, a′} and there is a non-trivial series class Z of M \ f1 such that Z ∩ C2 = ∅, Z ∪ {a, f2} and Z ∪ {a′, f ′2}
are circuits of M and |Z − C1| ≤ 1. Moreover, when h ∈ Z − C1, { f2, f ′2, h} is a triad of M.
(ii) There is a fan (b′0, a
′
1, b
′
1, a
′
2, b
′
2, . . . , a
′
m, b
′
m) of M, for some integer m exceeding 1, such that b
′
0 = f ′1, a′1 = a′, b′1 =
f ′2, b
′
m−1 = f2, a′m = a, b′m = f1 and C2 = {a′1, b′1, b′2, . . . , b′m−1, a′m}.
Now, we establish that Lemmas 3.1(i) and 3.2(i) do not hold simultaneously. If (i) of both Lemmas 3.1 and 3.2 hold, then
C1 = {a, f1, f ′1, a′}, C2 = {a, f2, f ′2, a′}, Y = {y, f ′2} and Z = {z, f ′1}, for elements y and z such that y ∉ C2 and z ∉ C1.
Moreover, { f1, f ′1, y}, { f2, f ′2, z}, Y ∪ f2 = { f2, f ′2, y} and Z ∪ f1 = { f1, f ′1, z} are triads ofM . ThereforeM∗|{ f1, f ′1, y, z} ∼= U2,4;
a contradiction to orthogonality because { f1, y, z} is a triad of M meeting the circuit C1 into { f1}. Thus Lemma 3.1(ii) or
Lemma 3.2(ii) holds, say Lemma 3.1(ii).
Next, we prove that Lemma 3.2(ii) occurs. Assume that Lemma 3.2(i) holds. Thus ∅ ≠ Z ∩ C1 ⊆ {b2, b3, . . . , bn−1}.
Let k be the smallest integer such that bk ∈ Z . By orthogonality, {bk−1, ak, bk} ∩ (Z ∪ {a, f2}) ≠ {bk}. By (3.1) and
orthogonality, ak ∈ Z . By Lemma 3.2(i), Z ∩ C2 = ∅ and so bn ∉ Z . Let l be the smallest integer such that k < l
and bl ∉ Z . If l = n, then T ′∗ = {bl−1, al, bl} and so T ′∗ ∩ (Z ∪ {a, f2}) = {bl−1}; a contradiction. Thus l < n. By
orthogonality, {bl−1, al, bl} ∩ (Z ∪ {a, f2}) ≠ {bl−1}. By (3.1) and orthogonality, al ∈ Z . We arrive at a contradiction because
{ak, bk, bk+1, . . . , bl−1, al} is a circuit ofM contained in Z . Therefore Lemma 3.2(ii) holds.
By (ii) of Lemmas 3.1 and 3.2,
(b0, a1, b1, a2, b2, . . . , an, bn, a′2, b
′
2, . . . , a
′
m, b
′
m)
is a fan of M that repeats elements. Therefore, by Lemma 2.4 of [3], we conclude that M is isomorphic to a wheel or whirl
having A as a subset of spokes. The result follows. 
4. Two circuits containing a pair of elements
In this section,we construct all the connectedmatroids having exactly two circuits containing a pair of elements. Suppose
thatM is a connected matroid such that |CA(M)| = 2, for a 2-subset A of E(M). If A is contained in a series class ofM , then
M is a subdivision of U1,3. If A is not contained in a series class of M , then |CA(N)| = 2, where N is a cosimplification of M
containing A in its ground set. So we do not lose generality by constructing only the cosimple connected matroids having
exactly two circuits containing a pair of elements. (We have not adopted this strategy in Theorem 1.2 because we need the
non-cosimple connected matroids having exactly one circuit containing a pair of elements in the proof of Theorem 1.1.)
For a matroidM , let Z be a 2-subset of E(M). We say that (M, Z) is an admissible pair provided:
(i) M is isomorphic to a wheel or whirl and each element of Z is a spoke; or
(ii) M is isomorphic toM(K4) and Z is a matching of K4; or
(iii) M is isomorphic to F∗7 .
Only for this definition, we assume the existence of rank-2 wheels, that is, matroids obtained from a triangle by adding a
parallel element to one of its elements. An element e ofM is said to be irrelevant with respect to (M, Z) provided e ∉ Z and
e is a spoke ofM , when (i) occurs, or e∪ Z is a triangle of F7, when (iii) occurs. Now, we state the main result of this section.
We omit the proof because it is similar to Theorem 1.2’s proof and it uses strongly Theorem 1.1.
Theorem 4.1. Let M be a cosimple connected matroid. For a 2-subset A of E(M), the following statements are equivalent:
(i) |CA(M)| = 2.
(ii) There is:
(a) an admissible pair (W , Z) such that A ∩ E(W ) = ∅;
(b) a subset T of E(W ) such that each element of T is irrelevant with respect to (W , Z); and
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(c) connected cosimple, up to an element in series with h, matroids Nh, for each h ∈ Z ∪ T , such that E(W ) ∩ E(Nh) = {h},
for every h ∈ Z ∪ T , E(Nh) ∩ E(Nh′) = ∅, for every 2-subset {h, h′} of Z ∪ T , |E(Nh)| ≥ 3, when h ∈ T , and, when
h ∈ Z, [E(Nh)− h] ∩ A ≠ ∅, say {h′} = [E(Nh)− h] ∩ A, and |C{h,h′}(Nh) = 1|;
so that M is obtained from W after making the 2-sum with every matroid Nh, for h ∈ Z ∪ T . (It may be possible that
|E(Nh)| = 2, when h ∈ Z. In this case, the 2-sum is just the replacement of the basis point h by the element belonging to
E(Nh)− h.)
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